MATH 224B
Instructor: Junaid Hasan

Vector Fields: Practice Problems for Exam 2

Questions:

1. Indicate whether each of the following is a scalar function, or a vector field or a nonsense expression.
Assume that f(z,y, z) is a scalar function, F(z,y, z) and G(z,y, z) are vector fields. Assume they are

nice, ie, continuous and have continuous partial derivatives of all orders.

(2) div(grad f) roreng :zomsuy

(b) curl(VY)

10909/

(c) curl(V - f)

OSUISUO N

(d) (VF)-G

9SUISUON

(@) (V-F)V X G) 01

(f) |curl(F) x G| re[eog

2. Among the expressions above which ones are always zero (either as scalar functions or as vector fields).
0 sfemye st (q A[uQ) :IemMsUY

3. Let C be the curve consisting of a straight line segment from the origin to (2,0), then one quarter of

the circle 22 4+ y? = 4 from (2,0) to (0, —2).

(a) Compute [, zds. 9 :omsuy

(b) Compute [z dy. L TemsUY

4. Consider two vector fields F = (z + z,1,z) and G = (y, —z,e*) and H = (y, —z,log z).
(a) For each of the aforementioned fields, determine whether it is conservative. Take the domain D

of each to be all points in R? where they are well-defined. If they are conservative, also find the

potential. "OATYRAIISTIOD JOU OT8 F[ PUR ) ‘0 + 27 + fi + & = [ [erjuejod )1 ‘OATJRAIOSTOD ST
[4

(b) Let C be the curve from (0,0,0) to (4,2,20) along the intersection of the surfaces defined by

2?4+ y® = z and x = 2y. Evaluate [, F-dr and [, G-dr. [~ 47 PUB 06 :Tomsuy

5. The function g of three variables is given by g(z,y, z) = 22% +y — 5.
(a) Suppose r(t) is a parameterized curve; we do not know the formula for r(¢), but we know
that r(5) = (2,-7,3) and r'(5) = (—1,7,2). Define a new function h(t) = g(r(t)); find h'(5).
L+ G :Iomsuy
(b) Find the equation of the tangent plane to the level set for g through the point (2,—7,3).
LV =231 + i+ r6 :aemsuy

(c) Suppose you are at the point (2, —7,3) and you want to start moving in a direction so that g stays

constant. Give one possible direction for which this is true. 0= 92T + q + D6 Yo oS (2°9 ‘D) :TOMSUY



6. Let S be the portion of the generalized cylinder 22 4+ 422 = 16 between y = 0 and y = 10, oriented by
the outward normal.

(a) Give a parameterization r(u,v) of S, including specifying the parameter space (ie, the domain
of w,v). Does r, x r, give the orientation specified, or the opposite orientation? Explain briefly.
(auisf‘Qasodg) = WX ™ ug>SaS(Q) ‘OI>SNn>(Q (AUSZNAs00F) = IoMSUY
UOT)RIUSLIO PIBMINO POIMDOI O} SN OALS SOOP 1 SO

(b) The boundary of S comes in two pieces C; in the y = 0 plane and C5 in the y = 10 plane.

i. Give a parameterization of C;. Does your parameterization give the orientation of Cj

consistent with the given orientation of S or in the opposite orientation? Explain briefly.
oysodd() :aremsuy

ii. Give a parameterization of Cs. Does your parameterization give the orientation of Cs consistent

with the given orientation of S, or the opposite orientation? Explain briefly. oureg :IoMSUY

7. Let S be the part of the surface y = 22 inside the cylinder 22 + 22 = 4, oriented by the normal with

positive j component.

(a) Give a parameterization r(u,v) of S, including specifying the parameter space (ie, the domain of
(u,v)). Does r, X r, give the orientation specified or the opposite orientation?
rz>a>0 ‘g>n>0 (eusnie us n‘asoon) = (a‘n)x rejod ut
0F> 040 (aan =(an)1 remsuy

(b) Give a parameterization of the boundary curve C of S as a function of ¢, including specifying
the interval for ¢t. Does your parameterization give the orientation of C' consistent with the given

orientation of S, or the opposite orientation?
uoryejuaLio oysoddo pue 1z S 7S () (QUISE ] USH1S00g)  1IomsUyY

(c) Compute [ [((V x F)-dS, where F = (2,4 — 2® — 2%, —z). (You may compute it directly or use

one of the theorems of Stokes’, Green’s etc). Lg 1ToMSUY

8. Let S be the part of the cylinder 2% +y? = 9, where 0 < z < 5. Let f(z,y,2) = 2z, and let F = (1,0, 1).
Determine whether each of the following expressions make sense. If it does not make sense, say briefly
why. If it does make sense, compute it. (Hint you may be able to reason directly from the meaning of

surface integrals and compute them without setting up a parameterization.)
@) [ [sfdS LOGT :I0MSUY
(b) J fS f-ds OSUOSUON :IOMSUY

() [ JsF-dS "9PIS I9Y)0 9} [)IM [oOURD [[IM SPIS SUO UO [RISVIUI ASNBID] () :IOMSUY

9. Let S be the part of the surface x = 1 —y? — 22 where £ > 0,2 > 0, and 0 < y < z, oriented towards the
origin. Compute | [ s F-dS, where F = (z,y, z). Be sure to explain your reasoning about orientation.

o1 .
g— JomMsuy

10. Let C be the path that goes in a straight line from (1,0,0) to (0, —1,0) to (0,0, 1) and back to (1,0,0).



11.

Use Stokes’ Theorem to setup a double integral that computes

/(zyz,z+y,:ﬁ+z>-dr.
c

Do not evaluate! Your answer should have two variables only and no vectors, looking something like
JoJZ —dzdy xp fip (v — Jx + fixg — Z)Ifgf Iof :IoMSUY

Let C be the closed curve consisting of the line segments starting at the origin going to (0, 3,0), then to
(1,0,1), the back to the origin. Let F = (22 — 3z, y + 7z, 5y — z). Evaluate fc F-dr. You may compute
it directly or use one of the theorems (Stokes’, Green’s, etc). It may also be helpful to note that C' is a

right triangle. ¢~ romsuy



